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Abstract. We propose a new methodology for reliably solving the cor-
respondence problem between points of two or more images. This is a
key step in most problems of Computer Vision and, so far, no general
reliable method exists to solve it.
Most methods admit domain speci�c assumptions that dictate the whole
formulation of the problem. Furthermore, features are frequently missing
or added through a sequence of images so the existence of outliers must
be considered.
Our methodology is able to handle most of the commonly used assump-
tions in a unique formulation, independent of the domain of application
and type of features. It performs correspondence and outlier rejection
in a single step, and achieves global optimality with feasible computa-
tion. As far as we know, none of the existing methods meets these three
requirements simultaneously.
Feature selection and correspondence are represented with a generaliza-
tion of partial permutation matrices on an integer optimization prob-
lem. This is a blunt formulation, which considers the whole combinato-
rial space of possible point selections and correspondences. We �nd its
global optimal solution by �nding an equivalent concave objective func-
tion and relaxing the search domain into its compact convex-hull. The
special structure of this extended problem assures its equivalence to the
original one, but it can be optimally solved by e�cient algorithms that
avoid combinatorial search | e.g. simplex .
We exemplify the use of the methodology with pixel patch correlation
and epipolar search in a trinocular system. Experiments in real images
demonstrate the performance of our implementations. Finally we outline
the use of the rigidity assumption under scaled orthographic projection,
in a fully uncalibrated framework.

Keywords: correspondence problem, feature matching, constrained opti-
mization, stereo vision.
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1 Introduction

Estimating feature correspondences between two or more images is a long stand-
ing fundamental problem in Computer Vision. Most methods for 3D recon-
struction, image alignment, object recognition or classi�cation and camera self-
calibration start by assuming that image feature points were extracted and put
to correspondence. This is, therefore, a key step in most problems of Computer
Vision and, so far, no general reliable method exists to solve it.

We propose a new methodology for reliably solving the point correspondence
problem. Usually the correspondence problem is formulated as an optimization
problem with a discrete domain and its solution falls under some search proce-
dure. There are three main di�culties associated with the problem. First, it is
ill posed in the sense that there are no general constraints to reduce its intrinsic
ambiguity. Second, it su�ers from high complexity due to the huge dimensional-
ity of the combinatorial search space. Finally the existence of outliers must be
considered, since features can be missing or added through a sequence of images,
due to occlusions and errors of the feature extraction procedure.

1.1 Previous Work

In order to deal with the ambiguity of the correspondence problem, all methods
must impose domain-speci�c assumptions. These assumptions are re
ected on
the three components of the optimization problem, namely the objective function
| criterion | the constraints and the optimization algorithm. Next, we present
examples of correspondence methods, organized according to these three aspects.
Comprehensive surveys can be found in [6, 22].

The distinction between criteria and constraints is some times di�cult to
make, because algorithms hide the structure of the inherent optimization prob-
lem. We consider all assumptions that can be partially violated as criteria. The
most commonly used criterion is image correlation [19, 4, 11], which re
ects the
assumption of image-brightness similarity. Another usual choice is proximity as-
sumption [21, 11]. The most general assumption is probably 3D scene rigidity
[1, 2, 16, 17]. The smoothness of the disparity �eld is also frequently used to
disambiguate between multiple solutions [17, 13].

Assumptions linked to constraints are those that must be strictly followed.
Examples are the order constraint [13, 15], the epipolar constraint [13, 15], and
unicity of correspondence [5].

Finally, the large diversity of current methods comes mainly from the many
di�erent optimizationalgorithms.Dynamic programming [13], exhaustive search,
analytical solution and convex minimization [11] are some of the few that guar-
anty optimality. Non-optimal approaches include greedy algorithms, simulated
annealing, relaxation [5], alternation of optimization and projection on the con-
straints [2], graph search [15] and randomized search [17, 19].

Most methods use domain speci�c formulations that set bounds on their
range of applications and, some times, create implicit unwanted constraints. For
instance, the method of [13] does not apply when the order constraint is violated,



because dynamic programming intrinsically assumes it. Furthermore, algorithms
that do not consider the existence of outliers have poor performances when,
for example, occlusions occur. Finally, most methods fail to guarantee global
optimality of the obtained solutions, or have to explicitly include additional
assumptions. For example, [19] deals with outliers but depends on an iterative
scheme, which is not proved to converge to the global solution.

2 Contribution

Our methodology is generic, in the sense that it is able to handle most of the
commonly used assumptions in a unique formulation. It performs correspondence
and outlier rejection in a single step, achieving global optimality with feasible
computation. As far as we know, no other method in the literature meets these
three requirements simultaneously.

We use a single universal representation of the correspondence problem and
a single procedure for its solution, independently of the domain of application
and type of features. Both problems of feature selection and correspondence
are formulated as single integer optimization problem that considers the whole
space of possible point selections and correspondences. We �nd its global solution
avoiding combinatorial search without having to impose additional assumptions.
We do so by relaxing the discrete search domain into its compact convex-hull.
The special structure of the constraints and objective function assure that this
extension generates an equivalent problem that can be optimally solved by ef-
�cient algorithms | e.g. simplex . This technique is commonly used to solve
combinatorial problems that emerge in di�erent contexts [9].

In this paper we show the use of the methodology with some of the most
frequent assumptions, and their performance is demonstrated by experiments in
real images. Finally we outline the use of rigidity | under scaled orthographic
projection | as unique assumption in a fully uncalibrated framework.

3 Methodology

For the sake of simplicity, we will consider the two image correspondence prob-
lem. The extension to sequences of many images is straightforward. In section 4.2
we show a three-image situation.

3.1 Feature Representation

Consider two sets of feature-points observed either by a stereo pair or a single
moving camera. Consider that at least some of these pairs are the projections
of the same 3D points. We collect the features xp and yp, respectively from the
�rst and second images, in two stacks of row vectors

X =

2
64
x1;1 � � � x1;N
...

...
xp1;1 � � � xp1;N

3
75 ; Y =

2
64
y1;1 � � � y1;N
...

...
yp2;1 � � � yp2 ;N

3
75 (1)



Each row represents a feature. Features can represent the image coordinates
of feature-points (N = 2) or any image-related quantity like local intensity
moments or even a local neighborhood of intensities. The type of information
conveyed by the features has to be coherent with the criterion, but does not
a�ect formulation of the correspondence problem itself.

3.2 Correspondence as an optimization problem

Using the previous de�nitions we can formulate the correspondence problem as
an integer minimization problem P� = arg minP J(X;Y;P), where P is a
zero-one variable that represents the correspondence and outlier rejection.

This formulation unveils the di�culties inherent to the correspondence prob-
lem. First, to guaranty robustness in the presence of outliers, P must allow some
features not to be corresponded, so it cannot be a simple permutation. Second,
to avoid combinatorial explosion, we must be able to extend the zero-one domain
and solve the problem using guided search.

Partial Permutation Matrices. The selection and correspondence between
two vectors of features are represented by a p1 � p2 indicator matrix P 2
Pp(p1; p2), the set of p1 � p2 partial permutation matrices (pp-matrices). We
adopt De�nition 1, generalizing the usual de�nition [8] to non-square matrices.

De�nition 1 A p1 � p2 real matrix P is a pp-matrix i� it complies with the

following conditions:

(i) Pi;j 2 f0; 1g ; 8i = 1 : : : p1 ; 8j = 1 : : : p2

(ii)
Pp1

i=1Pi;j � 1 ; 8j = 1 : : : p2

(iii)
Pp2

j=1Pi;j � 1 ; 8i = 1 : : : p1

A pp-matrix is a permutation matrix to which some columns and rows of
zeros were added. Each entry Pi;j set to 1 indicates that features Xi� (row i of
X) and Yj� (row j of Y) are put to correspondence. pp-matrices represent, at
most, one correspondence for each feature, and allow some features not to be
matched. If row Pi� is a row of zeros then feature Xi� is not matched. If column
P�j is a column of zeros then feature Yj� is not matched. This results on the
following minimization problem

Problem 1 P� = arg min
P

J(X;Y;P)

s.t. P 2 Pp(p1; p2)

where J is a scalar objective function. Both correspondence and outlier rejection
are intrinsic to this formulation because each element of Pp(p1; p2) permutes
only a sample of the features. In [19] the solution is computed based on a few
random samples of the data, while Problem 1 chooses the best among all possible
combinations of samples and permutations.



Constraining the number of correspondences. To avoid the trivial solu-
tion P� = 0, we establish a �xed number of correspondences pt � min(p1; p2) by
considering a slightly di�erent set of matrices P

pt
p (p1; p2). We call these rank-pt

partial permutation matrices (rank-pt pp-matrices).

De�nition 2 A p1 � p2 real matrix P is a rank-pt pp-matrix i� it complies with

conditions (i), (ii), (iii) and

(iv)

p1X
i=1

p2X
j=1

Pi;j = pt

Constraining the optimization problem to P
pt
p (p1; p2) leads to a process of

picking up just the best pt correspondences, without having to impose thresholds
to the criterion function. Like in most robust methods [19], pt should be kept
near the minimum number of features required by the assumed model or lower
than the estimated number of inliers.

The case pt = p2 � p1 yields a very simple formulation, which is particularly
useful when very few reliable features are extracted from the �rst image, while
the second image is densely sampled. The simplicity comes from the fact that
the conditions (iii) and (iv) can be changed to a single condition (iii0). We
refer to the resulting set of matrices by Pc

p(p1; p2), the set of columnwise partial

permutation matrices (columnwise pp-matrices).

De�nition 3 A p1 � p2 real matrix P is a columnwise pp-matrix i� it complies

with conditions (i), (ii) and

(iii0)

p2X
j=1

Pi;j = 1 ; 8i = 1 : : : p1

3.3 Reformulation with a compact convex domain

Problem 1 is a bluntly posed | brute force | integer minimization problem.
Traditionalmethods use greedy optimization, simulated-annealingor other meth-
ods that do not guarantee optimality.

We solve it by creating an equivalent problem | having the same solution
| in a real compact convex domain, for which exact e�cient algorithms exist.
This is a common solution for some combinatorial optimization problems [9]. We
consider the following equivalent sub-stochastic problem with concave objective

Problem 2 P� = arg min
Q

J�(X;QY)

s.t. Q 2 DS s(p1; p2)

where J� is a concave version of J | Equation 2 | and DSs(p1; p2) is the set
of p1 � p2 doubly sub-stochastic matrices | De�nition 5.

The remaining of this section contains the proof for the equivalence of Prob-
lems 1 and 2 and the extension for the inclusion of rank-�xing constraints.



Equivalence of the Problems 1 and 2. Theorem 1 states the fundamental
reason for the equivalence. Its proof can be found in [10].

Theorem 1 A strictly concave function J : C ! IR attains its global minimum

over a compact convex set C � IRn at an extreme point of C.

The constraining set of a minimization problem with concave objective function
can be changed to its convex-hull, provided that all the points in the original set
are extreme points of the new compact set.

The problem now is how to �nd a concave function J� : DSs(p1; p2) ! IR
having the same values as J at every point of Pp(p1; p2). Furthermore, we must
be sure that the convex-hull of Pp(p1; p2) is DSs(p1; p2), and that all pp-matrices
are vertices of DS s(p1; p2), even in the presence of the rank-�xing constraint.

Concave equivalents to minimizationproblems. Consider Problem 1, where
J(q) is a class C2 scalar function. Each entry of its Hessian matrix H(q) is a
continuous function Hij(q). J can be changed to its concave version J� by

J�(q) = J(q) +
nX
i=1

�iq
2
i �

nX
i=1

�iqi (2)

Remember that the constraints of Problem 1 include qi 2 f0; 1g; 8i, so J�(q) =
J(q); 8q 2 Pp(p1; p2). On the other hand Pp(p1; p2) is bounded by a hypercube
B = fq 2 IRn : 0 � qi � 1; i = 1 : : :ng. All Hij(q) are continuous functions so
they are bounded for q 2 B | Weierstrass' theorem. This means that we can
always choose a set of �nite values �r , de�ned by

�r � �
1

2

0
@max

q

nX
s=1;s6=r

����@2J(q)@qr@qs

�����min
q

@2J

@q2r

1
A (3)

which impose the Hessian of J� to be diagonally dominant with negative diagonal.

De�nition 4 A n� n real matrix H is strictly diagonally dominant i�

Hi;i >

nX
j=1;j 6=i

jHi;jj ; 8i = 1; : : : ; n (4)

A strictly diagonally dominant matrix having only negative elements on its di-
agonal is strictly negative de�nite [7], so these values of �r will guarantee that
J�(q) is concave for q 2 B and, therefore, also for q 2 DS s(p1; p2).



Compact convex constraints for Pp(p1; p2) problems. Problem 2 is con-
strained to the set of dss-matrices. We extend the usual de�nition of dss-matrices
to the non-square case.

De�nition 5 A p1 � p2 real matrix Q is a dss-matrix i� it complies with con-

ditions (ii), (iii) and

(v) Qi;j � 0 ; 8i = 1 : : : p1 ; 8j = 1 : : : p2

This set has the structure of a compact convex set in IRp1�p2 . Its extreme points
are the elements of Pp(p1; p2). Theorem 2 states this in a di�erent way. This a
generalization of Birkho�'s theorem, and our proof can be found in C.

Theorem 2 A matrix Q is a dss-matrix i� there is a �nite number N of ma-

trices P1; : : : ;PN 2 Pp(p1; p2) and nonnegative scalars �1; : : : ; �N such thatPN

k=1 �k = 1 and Q =
PN

k=1 �kPk.

This fact together with Theorem 1 proves that the continuous Problem 2 is
equivalent to the original discrete Problem 1, since we're assuming that J� was
conveniently made concave. This way we can indirectly solve Problem 1 using
guided search algorithms. Figure 1 summarizes the whole process.

Fig. 1. E�cient solution of the combinatorial problem.

If we use the P
pt
p (p1; p2) set instead then its compact extension is the set of

rank-pt doubly sub-stochastic matrices (rank-pt dss-matrices).

De�nition 6 A p1 � p2 real matrix Q is a rank-pt dss-matrix i� it complies

with conditions (ii), (iii), (iv) and (v).

DSpts (p1; p2) is still a compact convex set whose extreme points are the elements
of P

pt
p (p1; p2), as stated in Theorem 3.

Theorem 3 A matrix Q is a rank-pt dss-matrix i� there is a �nite number N

of matrices P1; : : : ;PN 2 P
pt
p (p1; p2) and nonnegative scalars �1; : : : ; �N such

that
PN

k=1 �k = 1 and Q =
PN

k=1 �kPk.



Our proof of Theorem 3 can be found in D. Finally, we refer to the convex
hull of Pc

p(p1; p2) as Sc
s (p1; p2), the set of columnwise sub-stochastic matrices

(columnwise ss-matrices). It is a compact convex set whose extreme points are
the elements of Pc

p(p1; p2) | see D.

3.4 Constraints in canonical form

Most concave and linear programmingalgorithms assume that the problems have
their constraints in canonical form.We now show how to put the constraints that
de�ne DSpts (p1; p2), DSs(p1; p2) and Sc

s (p1; p2) in canonical form, that is, how
to state Problem 2 as

Problem 3 P� = arg min
q

J�(X;Y;q)

s.t. Aq � b

q � 0

where A[m�n] and b[m�1] de�ne the intersection of m left half-planes in IRn.

The natural layout for our variables is a matrix Q, so we use q = vec(Q),
where vec() stacks the columns of its operand into a column vector. Condition
(ii) is equivalent to Q:1[p2�1] � 1[p1�1]. Applying the vec operator [12] to both

sides of this inequality we obtain
�
1>[1�p2] 
 I[p1 ]

�
q � 1[p1�1], where 
 is the

Kronecker product, so set

A1 = 1>[1�p2] 
 I[p1 ] ; b1 = 1[p1�1] (5)

By the same token we express condition (iii) as

A2 = I[p2 ] 
 1>[1�p1] ; b2 = 1[p2�1] (6)

Condition (iv) is equivalent to 1>[1�p1p2]q = pt, so

A3 =

"
1>[1�p1p2]
�1>[1�p1p2]

#
; b3 =

�
pt
�pt

�
(7)

The intersection of conditions (ii), (iii) and (iv) results on the constraints of
Problem 3 with

A =

2
4A1

A2

A3

3
5 ; b =

2
4b1

b2

b3

3
5 (8)



3.5 Minimizing a linearly constrained concave function

To solve linear problems we use the simplex algorithm, and for concave problems
we use an extension of the exact method of [3]. Other exact methods provide
more e�cient procedures [10, 9, 14] but this one is simple and easy to implement.
Like the simplex algorithm, worst case complexity is factorial, but typically
it visits only a small fraction of the vertices of the constraints. It performs
surprisingly well in concave quadratic problems.

The method is based on a very simple iterative scheme. In each iteration the
next best solution of a linear program is computed [20]. This can be accomplished
by a few simplex pivoting steps. As iterations run, a sequence of ever-improving
vertices of the constraining polytope is return, as well as a sequence of tighter and
tighter bounds on the global minimum. Global optimality is tested by checking
for coherence between the current best solution and the bounds.

3.6 Outline of the methodology

1. Extract points of interest, e.g. edges or corners (if applicable).
2. Convert the representation of these points into the appropriate sets of fea-

tures X and Y | Equation 1.
3. Use X and Y to build the objective function J . Examples are in Sec-

tions 4.1, 4.2 and 5 | Equations 9, 12 and 13.
4. Use the procedure in Section 3.3 to produce an equivalent concave objective

function J� | Equations 2 and 3.
5. Convert the desired convex constraints | De�nitions 5 and 6 | into the

canonical form using Equations 5, 6 and 7 of Section 3.4.
6. Solve the problem using a linear or concave programming algorithm.

4 Experiments

In this section we will consider two of the most frequently used assumptions and
insert them in the described framework. The resulting methods are tested in real
images and their robustness is compared with benchmark algorithms.

4.1 Image correlation criterion

Correlation of image patches is a popular criterion for correspondence because of
its simplicity and robustness under photometric distortions. Most methods that
use this criterion owe their complexity to the solution of emerging ambiguities
and outlier rejection. Our formulation solves this in a natural way.

To use this criterion, features consist of image patches with N pixels centered
around the previously segmented points of interest. Row i of X (and Y) of
Equation 1 is the row vectorization of a patch around the ith feature-point of
the �rst (and second) image. The sum of the correlation coe�cients of the rows of

X and Y is given by the matrix inner product of X̂ and Ŷ, which are normalized



to have zero mean and unit norm rows. So, the objective function is J1(Q) =

�tr
�
QŶX̂>

�
. Using algebraic properties of the trace operator [12]

J1(q) = �c>1 q (9)

c1 = vec
�
X̂Ŷ>

�

which is linear in q = vec(Q). Problem 3 can be solved by simplex algorithm.

Results We applied the described method to the image pair of Figure 2, taken
from the Kitchen sequence2 . Feature selection is not a requirement of the method-

Fig. 2. Two images | 480�512 pixels and 256 gray levels | from the Kitchen sequence
with 102 segmented feature points.

ology, but a practical way of reducing the dimensionality of the problem. The
extreme case would be to consider image patches around each and every pixel.

To test the performance of the method we compared its results with those of
two benchmark algorithms. The �rst algorithm solves the same problem with the
same constraints with a greedy | suboptimal| approach. It builds a list with all
possible correspondences and sequentially chooses the best ones, removing from
the list all the pairs that become incompatible | in terms of the constraints.
Both this algorithm and ours used 11 pixels wide correlation windows.

We found no other method that is able to reject outliers without additional
assumptions so we decided to use a validation algorithm described in [19], that
uses an extra rigidity assumption and is known to achieve very reliable results.
This algorithm works on the feature pairs returned by the greedy algorithm.
It applies a random sampling procedure to use only a few of the pairs in the
estimation of the Fundamental matrix, and keeps the solution with smallest
median of the feature to epipolar distances. It selects correspondences consistent
with this Fundamental matrix. The number of iterations was set to 200.

2 Data was provided by the Modeling by Videotaping group in the Robotics Institute,
Carnegie Mellon University.



We measured the number of incorrect matches returned by the algorithms in
experiments performed on three sets of corrupted data. The �rst set consisted
of images with added zero-mean gaussian noise. In the second set, images were
corrupted with salt-and-pepper noise. In the last set, outlier features | with
randomly generated coordinates | were added to the list, and all the images
were corrupted with zero mean gaussian noise with 50% of the images standard
deviation. The results of the experiments are summarized on Figure 3.

Fig. 3. Average number of incorrect matches found in 40 trials for each noise level.

Discussion The greedy solution consistently produced higher number of mis-
matches, so we conclude that assuring optimality is a key factor on the reduction
of the number of mismatches. In the case of 40 features plus 40 outliers, the
cardinality of Pp(p1; p2) is roughly 1070 | see F. Exhaustive search would be
impractical, while the simplex algorithm visits less than 300 solutions.

The reliability of the random sampling method is close to optimal when no
outliers are present. Remember that it uses an extra rigidity assumption, so it
is not applicable to nonrigid scenes where our method still performs well.

When more than 50% outliers are present, the reliability of the validation
method decreases abruptly, since it relies on a median estimator. Even for a
moderate number outliers the random sampling algorithm returns a higher per-
centage of mismatches than our method. This is mainly because the total number
of returned correspondences is low|many good matches are rejected | so a few
mismatches represent a considerable percentage. This e�ect would be reduced if
the correspondences were revised according to the computed Fundamental ma-
trix | epipolar search. [19] proposes a revision procedure that can be iterated
with the validation phase, but no guarantee of convergence is given.

We conclude that simultaneous rejection and correspondence of features is a
reliable strategy, even in the presence of as much as 70% of outliers in data. This
performance was achieved with a feasible increment of computation. The linear
problems were solved by the lpSolve3 implementation of the simplex algorithm
| running on a 166MHz Pentium processor | in a fraction of a second.

3 written by M. Berkelaar and J. Dirks at Eindhoven U. of Technology



4.2 Epipolar search

We will now describe how to formulate an epipolar search method with our
methodology. Consider a trinocular system in generic con�guration | focal
points are not collinear | from which we known all Fundamental Matrices.
Figure 4 shows the notation. Matrices P1;2 and P1;3 are the partial-permutation

Fig. 4. Notation for a trinocular system.

variables of our problem. Each known Fundamental matrix Fk;l de�nes pl epipo-
lar lines Lmk;l ;m = 1; : : : ; pl on image k. A point on image k corresponding to

the m-th point on image l must lie close4 to Lmk;l. This de�nes a constraint that
we represent by an indicator matrix Sk;l. Entry (i; j) of Sk;l is set to 1 if the

i-th point on image k is close to Ljk;l. This means that entry (i; j) of Pk;l is a
variable. On the other hand, if entry (i; j) of Sk;l is set to 0, then entry (i; j) of
Pk;l permanently set to 0.

We represent these constraints implicitly with a squeezed set of variables
pc
k;l of dimension nk;l. These do not include the entries of Pk;l �xed to 0. We

recover the full correspondence matrices through vec (Pk;l) = Bk;l p
c
k;l, so the

sub-stochastic constraints become"
1>[1�pk] 
 I[pl ]
I[pk ] 
 1

>
[1�pl]

#
Bk;l p

c
k;l � 1[1�nk;l] (10)

We close the loop by estimating the compound correspondence P̂2;3 = P>
1;2P1;3

and checking its coherence with S2;3. The objective function is the sum of all
point-to-epipolar distances

J2

�
P1;2;P1;3; P̂2;3

�
=

p1X
i=1

p2X
j=1

(P1;2 �D1;2)i;j +

p1X
i=1

p3X
j=1

(P1;3�D1;3)i;j +

p2X
i=1

p3X
j=1

�
P̂2;3 �D2;3

�
i;j

+

p2X
i=1

p3X
j=1

�
P̂2;3 � �S2;3

�
i;j
(11)

where � is the elementwise product, �S2;3 =
�
1[p2�p3] � S2;3

�
, and Dk;l(i; j) is

a matrix with the distances between the points i = 1; : : : ; pk of image k and

4 de�ne a distance threshold or choose a few from the nearest



the epipolar lines Ljk;l. The lack of coherence between P̂2;3 and S2;3 is penalized
by the last term. The other terms are used to disambiguate between di�erent
compatible solutions. By algebraic manipulation, we get the objective function

J2 (p) = p>J2p+ c>2 p (12)

written in a complete vector of variables p =

�
pc
1;2

pc
1;3

�
, and with

J2 = B>
1;2

��
D2;3 + �S2;3

�

 I[p1 ]

�
B1;3

c2 =

�
B>

1;2 vec (D1;2)
B>

1;3 vec (D1;3)

�

ResultsWe applied the described method to the images of Figure 5, which
are details taken from the Castle sequence5 . The white lines are epipolar lines

Fig. 5. Three images from the Castle sequence, and some of the epipolar lines.

corresponding to a few points of the �rst image. Note the amount of ambiguities
due to multiple crossings with edges.

The white dots are edge points from the Canny edge extractor. All the used
feature points | the crosses in black | come from inside a manually de�ned
rectangular region of interest. They were automatically chosen by a bucketing
procedure to guaranty a minimum distance between them. This subsample was
performed in order to reduce the dimensionality of the problem. At the end we
obtained 50 points from the �rst image and 130 points from each of the other
images. Note that the second and third images contain, at least, 80 outliers, so
the problem is solved in the presence of roughly 60% of outliers in the data. We
set pt = 30, and obtained the correspondences in Figure 6.

DiscussionWe visually detected 3 mismatches in P1;2 and 2 mismatches in
P1;3, corresponding to 8% errors. We conclude that the epipolar constraints of a

5 Data was provided by the Calibrated Imaging Laboratory at Carnegie Mellon Uni-
versity, supported by ARPA, NSF, and NASA.



Fig. 6. Graphical representation of the obtained P1;2 and P1;3.

calibrated trinocular system are enough to build a correspondence method that
is reliable in situations with many ambiguities.

The algorithm stopped after less than 100 iterations, when the bounds |
Section 3.5 | were closer than a �xed threshold. We set this threshold to admit
only solutions without any violation of the epipolar constraints. The depicted
solution is not the optimal, though its mismatches occur only when more than
one point lie inside the lozenge de�ned by the crossing of two epipolar lines.

Any set of compatible points inside these lozenges corresponds to a valid
solution in terms of the epipolar constraints. The �rst three terms of the objective
function | Equation 11 | introduce small di�erences between the objective
value of these solutions. They successfully eliminate most of the degeneracies of
the problem, but the introduction of more assumptions would probably result
on a better performance.

5 Further Developments

One step forward would be to impose one single general assumption about the
scene | rigidity | and no assumptions whatsoever about scene projections.
Our �rst approach considers the use of a fully uncalibrated scaled-orthographic
camera pair.

Suppose we segment p1 feature-points from the �rst image and p2 from the
second, then measured their image coordinates u1p and v1p and arranged these
values in two matrices X and Y like in Equation 1. We will try to determine
a matrix P� 2 Pc

p(p1; p2), such that X and P�Y will have the corresponding

features placed at the same rows. To do so we use C = I[p1 ] �
1
p1
1[p1�p1 ] to

normalize the rows of the observation matrices for zero mean and group them
in O[p1�2F ] = [CX j CPY]. Theorem 4 presents a very useful property of this
matrix. Its proof can be found in G.

Theorem 4 When P = P� is the correct Pc
p(p1; p2) matrix, and the measure-

ments are taken without noise, the matrix of grouped centered scaled-orthographic

observations O is, at most, of rank three.



This is a generalization of the Rank Theorem of [18] for scaled-orthographic cam-
eras. Nondegenerate | fully 3D | objects provide rank-3 observation matrices
when P = P�. In conclusion, in the absence noise, our goal would be to �nd the
P� 2 Pp(p1; p2) matrix that minimizes rank (O).

5.1 Approximate rank

Suppose now that the measurements are a�ected by noise, so that we observe
O0 =

�
C
�
X+ EX

�
j CP

�
Y +EY

��
. In general, O0 has rank 4 for every P,

but we can measure the error of its optimal LS rank-3 approximation in �4,
the smallest singular value of O0. When noise levels are small enough, �4 is
minimized when P = P�. This can be cast into a polynomial objective function
that generates Problem 4.

Problem 4 P� = arg min
P

J3(P)

s.t. P 2 Pp(p1; p2)

with

J3(P) = !
>q[4] (13)

where ! is a vector independent of Q and q[4] = q 
 q 
 q 
 q.

Theorem 5 states the conditions for which Problem 4 is equivalent to our prob-
lem. Its proof, and the validation of the �4 criterion, can be found in H.

Theorem 5 It is always possible to �nd a scalar � > 0 such that if


EX



 <

� and


EY



 < � then the correspondence problem for points of a nondegenerate

rigid object observed by a scaled orthographic camera is equivalent to Problem 4.

A detailed expression for ! is explicitly computed in G, so we can use the pro-
cedure of Section 3.3 to �nd a sub-stochastic extension of Problem 4. Ongoing
work is being conducted on the implementation of an e�cient algorithm to solve
fourth-order concave programming problems, since the algorithm we used in the
experiments of Section 4.2 is not suitable for J3(P).

6 Conclusion

We have shown a methodology to solve the correspondence problem, which
avoids unwanted assumptions by requiring their explicit statement. Furthermore
it reliably handles outliers, even in situations where other robust methods fail.
Many assumptions can be formulated as linear objective functions. In this case
the problem is solved in a highly e�cient way by the simplex algorithm.

The most important limitation of the methodology is the dimensionality
of the optimization problems. This poses some e�ciency problems when the
objective functions are high-order polynomials. A practical way of minimizing
this is the selection of a small number of reliable features in one of the images.



Ongoing work is being conducted on the implementation of an e�cient al-
gorithm for high-order polynomial problems, and dealing with the assumption
of rigidity under perspective projection. We plan to extend the methodology to
dealing with extended sequences of images. Also we are working on reducing the
dimensionality of the problem by integration of more than one assumption.
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A Notation

This list brie
y explains the notation used throughout the text.


 Kronecker product
� Hadamard (or Schur) element-wise product
0[m�n] m � n matrix of zeros
1[m�n] m � n matrix of ones
�f Scale factor for the scaled-orthographic

camera in frame f
�k Weights of a convex combination

� =

�
0 1
�1 0

�



�
0 1

2
�1

2 0

�
A[2�2] ) det(A) = vec(A)>�vec(A)

� =
�
�1 � � � �p1

�

 I[2] Matrix of the camera scale factors

! A vector that de�nes a fourth order
polynomial !>q[4]

�
k
n A �xed nk � nk permutation such that

8A[n�n]; 8k 2 IN) vec
�
A[k]

�
=�k

nvec(A)[k]

� = C>
h
I[p1] �CX(CX)

+
i
C Intermediate result

A Matrix of the linear constraints
Also used to represent a generic matrix

Ai i-th row or sub-matrix of A
A+ Moore-Penrose inverse of A
A[k] = A
 � � � 
A Kronecker power
b Right-hand side of the constraints
B = fq 2 IRn : 0 � qi � 1; 8ig Unit hypercube in IRn

C = I[p1] �
1
p1
1[p1�p1 ] Centralizing matrix

C A compact convex subset of IRn

dss Short for doubly sub-stochastic

DSs(p1; p2) Set of p1 � p2 doubly sub-stochastic
matrices

Sc
s (p1; p2) Set of p1 � p2 columnwise sub-stochastic

matrices
DSpts (p1; p2) Set of p1 � p2 doubly sub-stochastic

matrices of rank pt
F Number of frames in the image sequence

H =
h

@2J
@xi@xj

i
Hessian matrix of function J

if ; jf Orthonormal image coordinate system for
frame f , written in world coordinates

I[n] n-dimensional identity matrix
J; J1; J2; : : : Scalar cost functions



J Matrix of the quadratical part of cost function J

Km;l Commutation matrix (�xed ml �ml permutation)
L;M;N Generic matrices
N Dimensionality of the features
O Collection of centered observations
p Feature number
p1; p2; : : : Number of features on the successive images
pt Rank of the correspondence (the number of points

put in correspondence)
pp Short for partial permutation

P A permutation or partial permutation matrix
Pp(p1; p2) Set of p1 � p2 partial permutation matrices
Pc
p(p1; p2) Set of p1 � p2 columnwise partial permutation

matrices
P
pt
p (p1; p2) Set of p1 � p2 partial permutation matrices of

rank pt
q = vec(Q) Vectorized version of Q (the variable)
Q A (doubly) stochastic or sub-stochastic matrix
R =

�
i1 j1 � � � iF jF

�
Camera rotations

sp 3D coordinated of the p-th point (row-vector)
ss Short for sub-stochastic

S =

2
64
s1
...
sp1

3
75 Matrix of shape (3D coordinates)

Sc
s (p1; p2) Set of p1 � p2 columnwise sub-stochastic matrices

ufp ; v
f
p Image coordinates of the p-th feature point on

the f-th frame
~ufp (~vfp ) = ufp �

1
p1

Pp1
p=1 u

f
p Centered observations

vec(�) Vectorization operator
xp;k; yp;k k-th coordinate of feature p, respectively on the

�rst and second images
X;Y Matrix gatherings of the features
Xi;Yi Full representations of individual features

(i-th row of X, j-th row of Y)

X̂; Ŷ Row-normalized (zero mean, unit norm) versions
of X;Y

~X; ~Y Matrices of the centered observations



B Reference guide of algebraic results

This section lists some results that are frequently used throughout the text.
Omitted demonstrations and related results can be found in [7, 8, 12].

B.1 Results on the vectorization operator

{ For any two matrices A[l�m] and B[m�n]

vec(AB) =
�
B> 
 I[m]

�
vec(A) (14)

{ For any matrix A
vec(A) = Km;l vec

�
A>
�

(15)

where Km;l is a commutation matrix, which is a �xed ml�ml permutation
matrix

B.2 Results on the trace of a matrix

{ For any two matrices A and B with compatible dimensions

tr(AB) = vec
�
B>
�>

vec(A) (16)

{ For any four matrices A, B, C and D with compatible dimensions

tr (ABCD) = vec
�
C>
�> �

B> 
D
�
vec(A) (17)

= vec
�
A>
�> �

D> 
B
�
vec(C) (18)

{ For any three matrices A[l�m] , B[m�n] and C[n�r]

tr (ABC) = vec
�
B>
�> �

A> 
C
�
vec(I[r]) (19)

B.3 Results on the determinant

{ For any two matrices M[l�m] and N[l�n], if L[l�(m+n)] = [M jN] then

det
�
L>L

�
= det

�
M>M

�
det
�
N>

�
I[m] �NN

+
�
N
�

(20)

where N+ is the Moore-Penrose inverse of N.
{ For any 2� 2 matrix A

det(A) = vec(A)>� vec(A) (21)

with

� =

�
0 1
�1 0

�



�
0 1

2
�1

2 0

�
=

2
664
0 0 0 1

2
0 0 �1

2 0
0 �1

2 0 0
1
2 0 0 0

3
775 (22)

This handy result does not come in the references, but its demonstration is
trivial.



B.4 Results on Kronecker products

{ For any four matrices A, B, C and D with compatible dimensions

AB
CD = (A 
C)(B 
D) (23)

{ For any integers n and k there is a �xed permutation matrix�k
n such that,

for any n� n matrix A

vec
�
A[k]

�
=�k

n vec(A)[k] (24)

{ For any two matrices A and B with compatible dimensions and for any
integer k

(A B)[k] = A[k]B[k] (25)

Proof. This result can be proven by induction. For k = 1 the result is evident.
We now have to prove it for k0 = k + 1 assuming it is true for k. To do so
we rely on the fact that, for any matrix A

A[k] 
A = A
 � � � 
A = A[k+1] (26)

which comes from the associativity of the Kronecker product. Using this, we
can say that

(A B)[k+1] = (A B)[k] 
 (A B) (27)

=
�
A[k]B[k]

�

 (A B) (28)

The last step comes from the assumption that the result holds for k. Finally,
using property 23

(A B)[k+1] =
�
A[k] 
A

��
B[k] 
B

�
(29)

= A[k+1]B[k+1] (30)

ut



C Pp(p1; p2) are the vertices of DSs(p1; p2)

We're about to prove that a matrixQ is a dss-matrix i� there is a �nite number
N of matrices P1; : : : ;PN 2 Pp(p1; p2) and nonnegative scalars �1; : : : ; �N such

that
PN

k=1 �k = 1 and Q =
PN

k=1 �kPk.
This is a generalization of Birkho�'s theorem, which states that the set of

n� n doubly stochastic matrices is a compact convex set whose extreme points
are the n� n permutation matrices. Our proof for works much in the same way
as those presented in [7] for Birkho�'s theorem. It is divided in three main steps.
Consider P 2 Pp(p1; p2) and Q 2 DSs(p1; p2). In Step 1 we show the su�ciency
of the condition, that is, that any convex combination of pp-matrices gives a dss-
matrix. Steps 2 and 3 show the necessity of the condition. In Step 2 we show that
every p1 � p2 pp-matrix is an extreme point of DS s(p1; p2). Finally, in Step 3 we
show that there is no extreme point of DSs(p1; p2) lying outside Pp(p1; p2).

Step 1 Each entry Qi;j ofQ is a linear combination of the correspondent entries
of the N matrices Pk

Qi;j =
NX
k=1

�kPk(i; j) (31)

Since �k � 0 ; 8k = 1 : : :N and
PN

k=1�k = 1, then the minimum and
maximum possible values of an entry Qi;j of Q are, respectively

min(Qi;j) =
NX
k=1

�kmin[Pk(i; j)] =
NX
k=1

�k:0 = 0 (32)

max(Qi;j) =
NX
k=1

�kmax[Pk(i; j)] =
NX
k=1

�k:1 = 1 (33)

where, min [Pk(i; j)] and max[Pk(i; j)] stand for the minimum and maxi-
mum possible values of each entry of matrix Pk.
This shows that condition (v) holds true for all matrices like our Q. Further-
more, by linearity, and using condition (ii)

nX
i=1

Qi;j =
nX
i=1

NX
k=1

�kPk(i; j)

=
NX
k=1

nX
i=1

�kPk(i; j)

=
NX
k=1

"
�k

nX
i=1

Pk(i; j)

#

�

NX
k=1

�k:1 = 1 ; 8j = 1 (34)



The same reasoning could be done on the rows, so conditions (ii) and (iii)
are also always veri�ed. In conclusion, our Q matrix is always a dss-matrix.

Step 2 Consider that P is an p1 � p2 pp-matrix. It will then have, at most, one
nonzero entry (set to 1) in each row and in each column.
Suppose that this matrix is not an extreme point of DSs(p1; p2). Then it
will be possible to �nd two matrices A;B 2 DS s(p1; p2);A 6= B 6= P and
two positive scalars �1; �2 such that �1 + �2 = 1 and P = �1A + �2B.
Then all entries of A and B that correspond to zero entries of P will be
zeroed, because of the non-negativity of both the scalars and the entries
of the matrices in DSs(p1; p2). Therefore A and B will have, at most, one
nonzero entry per row and per column. Since they belong to DSs(p1; p2)
their row and column sums are equal or less than 1, so all those nonzero
entries must be equal or lower than 1, so A = B = P, which contradicts
the initial supposition. In conclusion, all elements of Pp(p1; p2) are extreme
points of DSs(p1; p2).

Step 3 Let's now suppose that an extreme point Q 2 DSs(p1; p2) is not a pp-
matrix. We will make a distinction between two possible cases

a) All rows and columns sum either 0 or 1 (at least one of them sums 1,
otherwise Q = 0, which is a pp-matrix). In this case there will be at least
one row (say row i1) with at least 2 nonzero entries. In that row, choose
an entry 0 < Qi1;j1 < 1, in column j1. Place +1 at the corresponding
entry (i1; j1) of an n � n matrix of zeros A. Since

Pn

i=1Q(i; j1) = 1
(cannot be 0 because Qi1;j1 > 0), then there must be some other nonzero
entry in that column, other than Qi1;j1 . Choose 0 < Qi2;j1 < 1, and
place �1 at the corresponding entry (i1; j1) of A. Continue the process
of choosing the successive entries Qi;j (each successive pair of which
is alternately in the same row or column) and placing alternately +1
and �1 in the corresponding entries of A until an entry is chosen that
has previously been chosen (a cycle is closed). Let Qi0;j0 and Qi00;j00 be
respectively the smallest and the largest entries in the cycle.
Now de�ne Q+ = Q+�A and Q� = Q��A with 0 < � < min(Qi0;j0; 1�
Qi00;j00). It is clear that this � will make both Q+ and Q� obey to condi-
tion (v). Furthermore, all +1 and �1 entries of A come in pairs at each
row and column, so all rows and columns of A sum zero. This implies
that the rows and columns of Q+ and Q� have the same sums as those
of Q (that is, 0 or 1), so they comply with conditions (ii) and (iii), and
are, therefore, dss-matrices. Note, however, that Q = 1

2Q++ 1
2Q�, so Q

cannot be an extreme point of DSs(p1; p2).
b) There is at least one column6 in Q whose sum belongs to ]0; 1[. In this

case, choose the �rst entry 0 < Qi1;j1 < 1 in one of these columns, and
proceed the process described in a) by choosing a new entry 0 < Qi1;j2 <

1, and so on. The di�erence now is that it may not be possible to close a
cycle, because we can �nd, for instance, a column with only one nonzero
entry (0 < Qik;jk < 1). When this happens stop and use this incomplete

6 the process is identical if a row is considered



A matrix, where unpaired +1 or �1 entries may occur. Note, however,
that Q+ = Q + �A and Q� = Q � �A are again both dss-matrices,
provided that � < min(�1; �2).
The constraint �1 = min(Qi0;j0 ; 1�Qi00;j00) assures condition (v) while

�2 = min(1 �Qi1;j1 ; 1�

p1X
i=1

Qi;j1; 1�Qik;jk ; 1�

p1X
i=1

Qi;jk)

assures conditions (ii) and (iii). Use row sums instead where they sum
less than 1. Again, Q = 1

2Q+ + 1
2Q�, so Q cannot be an extreme point

of DSs(p1; p2).

In conclusion, all extreme points of DS s(p1; p2) are pp-matrices.
ut



D A proof for Theorem 3

Build DSpts (p1; p2) by cutting DS s(p1; p2) with a plane of constant L1-norm.
We just have to check whether or not new extreme points are created with
this process, or if the �nal result is the convex hull of some extreme points of
DS s(p1; p2). This can be shown by recalling Farkas' Lemma.



E Pc
p
(p1; p2) are the vertices of Sc

s
(p1; p2)

We're about to prove that a matrix Q is a columnwise dss-matrix i� there is
a �nite number N of matrices P1; : : : ;PN 2 Pc

p(p1; p2) and nonnegative scalars

�1; : : : ; �N such that
PN

k=1 �k = 1 and Q =
PN

k=1 �kPk.
This proof is substantially supported by the proof in C. It is also divided in

three steps. Consider P 2 Pc
p(p1; p2) and Q 2 Sc

s (p1; p2). Steps 1 and 2 are simi-
lar to the corresponding steps in Appendix C, with the di�erence that condition
(ii) becomes the equality (ii0).

(ii0)
Pp1

i=1Qi;j = 1 ; 8j = 1 : : : p2

This way we can show that that any convex combination
PN

k=1�kPk of colum-
nwise pp-matrices with gives a columnwise dss-matrix Q and that every p1 � p2
columnwise pp-matrix is an extreme point of Sc

s (p1; p2). Step 3 is considerably
di�erent.

Step 3 We must prove that there is no extreme point of Sc
s (p1; p2) outside

Pc
p(p1; p2) by showing that Pc

p(p1; p2) � Pp(p1; p2) (complies with condition
(ii0) because the extreme points are themselves elements of Sc

s (p1; p2)).
Suppose thatQ is an extreme point of Sc

s (p1; p2) but not of DS s(p1; p2). This
means that it would be possible to �nd two matricesA;B 2 DS s(p1; p2) such
that A 6= B 6= Q and Q = 1

2A + 1
2B. Q 2 Pc

p(p1; p2), so this matrix obeys
to condition (ii). Assume that j1 : : : jk are the columns of Q that sum zero,
and jk+1 : : : jp2 those that sum 1. Then

8j = j1 : : : jk ; 0 =

p1X
i=1

Qi;j

=

p1X
i=1

�
1

2
Ai;j +

1

2
Bi;j

�

=
1

2

p1X
i=1

Ai;j +
1

2

p1X
i=1

Bi;j (35)

so the rows j1 : : : jk of both A and B sum zero.
Now, in one hand

8j = jk+1 : : : jp2 ; 1 =

p1X
i=1

Qi;j

=

p1X
i=1

�
1

2
Ai;j +

1

2
Bi;j

�

=
1

2

p1X
i=1

Ai;j +
1

2

p1X
i=1

Bi;j (36)



On the other hand, since A;B 2 DS s(p1; p2), these obey to condition (ii),
that is

p1X
i=1

Ai;j � 1 ; 8j = 1 : : : p2 (37)

p1X
i=1

Bi;j � 1 ; 8j = 1 : : : p2 (38)

Solving equations 36, 37 and 38 together for rows jk+1 : : : jp2 , results on a
single solution per row, requiring that

Pp1
i=1Ai;j =

Pp1
i=1Bi;j = 1. SoA;B 2

Pc
p(p1; p2), but this contradicts the initial supposition.

In conclusion: Pc
p(p1; p2) � Pp(p1; p2)

ut



F Cardinality of Pp(p1; p2), Ppt
p

(p1; p2) and Pc
p
(p1; p2)

The p1 � p2 pp-matrices | with p1 � p2 | are, for all possible values of p � p1,
the p�p identity matrices with their rows placed in all possible arrangements of
p1 positions and their columns placed in all possible arrangements of p2 positions.
So, the cardinality of Pp(p1; p2) is

p1X
p=0

Ap1
p Ap2

p =

p1X
p=0

p1!p2!

(p1 � p)!(p2 � p)!
(39)

The p1 � p2 rank-pt pp-matrices are all possible arrangements of the rows
and columns of a pt � pt identity matrix respectively in p1 and p2 positions. So,
the cardinality of P

pt
p (p1; p2) is

Ap1
pt
Ap2
pt

=
p1!p2!

pt!pt!
(40)

The p1 � p2 columnwise pp-matrices are the rank-pt pp-matrices in the special
case when pt = p1. So, the cardinality of Pc

p(p1; p2) is

Ap1
p1
Ap2
p1

=
p2!

p1!
(41)



G A proof for Theorem 4

Theorem 4 is a generalization of the Rank Theorem of [18], and our proof follows
their approach.

The theorem assumes that the image coordinates of the extracted feature-
points are grouped together in a matrix of centered observations

O[p1�2F ] =
h
~X j ~Y

i
= [CX j CPY] (42)

and it sates that when P = P�, the correct Pc
p(p1; p2) matrix, and the measure-

ments are taken without noise, matrix O is, at most, of rank three. Refer to

Fig. 7. The camera, the object and their coordinate systems.

Figure 7, where the origin o of the world coordinate system is at the centroid of
the object points sp = (xp; yp; zp). We consider sp and tf as row vectors, in order
to simplify the notation. The projection

�
ufp ; v

f
p

�
of each point sp onto frame f

is given by

ufp = �f
�
sp � tf

�
if (43)

vfp = �f
�
sp � tf

�
jf (44)

The image coordinate systems
�
if ; jf

�
are orthonormal so, under scaled-orthogra-

phy, points are projected along kf = if � jf and scaled with the scale factors
�f . When P = P� is correct then PY has the features placed in the same order
as the corresponding features in X, so the centered observation matrices yield

~ufp = ufp �
1

p1

p1X
p=1

ufp

= �f
�
sp � t

f
�
if �

1

p1

p1X
p=1

�f
�
sp � t

f
�
if



= �f

 
sp �

1

p1

p1X
p=1

sp

!
if

= �fspi
f (45)

and, similarly ~vfp = �f spj
f . Because of these two equations, matrix O can be

written as
O =

h
~X j ~Y

i
= SR� (46)

where S is the shape matrix | its rows are the sp vectors | R =
�
i1 j1 � � � if jf

�
represents the camera rotation, and � contains the scale factors organized in the
following way

� =

2
64
�1

. . .

�p1

3
75
 I[2] (47)

The result of the theorem follows from the observation that S is p1 � 3 and R
is 3� 2F ut



H A proof for Theorem 5

Theorem 5 states the equivalence of Problem 4 and the correspondence problem
for points of a nondegenerate rigid object observed under a scaled orthographic
camera. To prove this we introduce two intermediate Problems 5 and 6.

Problem 5 P� = arg min
P

J4(P)

s.t. P 2 Pp(p1; p2)

with

J4(P) = �4(O) (48)

�4(O) is the fourth singular value of O.

Problem 6 P� = arg min
P

det
�
O>O

�
s.t. P 2 Pp(p1; p2)

We also assume that the solution of Problem 5 is nondegenerate.
We start by validating the J4(P) = �4(O) criterion of Problem 5 when a

suitable bound �1 is imposed on the norm of the noise. Next, we prove the
equivalence between Problems 5 and 6 when the norm of the noise is bounded
by an existing positive �2. We then prove the equivalence of Problems 6 and 4,
independently of the noise level. The full theorem is proven by transitivity of
the equivalence relation, and using � = min(�1; �2). The chain of equivalences is
shown in Figure 8.

Fig. 8. The chain of equivalences that proves Theorem 5 for � = min (�1; �2).

H.1 Validity of the �4(O) criterion

Theorem 4 states that in the absence of noise, and for the correct P = P� matrix,
rank(O) � 3. For any O matrix we know that rank(O) � 3, �4(O) = 0. Since
we are assuming that Problem 5 has a single nondegenerate solution, then there



is no other P matrix that makes J4(P) = �4(O) = 0 in the absence of noise,
and there is a positive scalar � such that the intervals

fJ : jJ � J4(P)j < �g ; 8P 6= P� 2 Pp(p1; p2) (49)

don't intersect

fJ : jJ � J4 (P
�)j < �g (50)

The singular values ofO are continuous functions of the entries ofO| see [7] |
so, in the presence of noise, J4 is a continuous function of the entries ofX

0 = X+
EX andY0 = X+EY . By de�nition of continuity we know that there is a positive
scalar �1 such that if



EX


 < �1 and



EY


 < �1 then J4(X

0;Y0;P) is always
inside the intervals of Equation 49, 8P 6= P� 2 Pp(p1; p2), while J4(X

0;Y0;P�)
is inside the interval of Equation 50. This guarantees that, under these noise
constraints, P� is still the optimal solution of Problem 5, so this is an equivalent
of the correspondence problem under the assumptions of Theorem 5. ut

H.2 Equivalence of Problems 5 and 6

For any matrix O, rank(O) � 3 , �4(O) = 0 , det
�
O>O

�
. Since we are

assuming that Problem 5 has a single nondegenerate solution, then there is no
P other than P� that makes det

�
O>O

�
= 0. So, in the absence of noise, the

optimal solutions of Problems 6 and 5 are the same, that is to say, both problems
are equivalent.

Using the same kind of reasoning of Section H.1, we could prove that there
is a new bound �2 for the norm of the noise matrices for which Problems 6 and 5
remain equivalent. ut

H.3 Equivalence of Problems 6 and 4

We start by using the result 20 with M = ~X and N = ~Y then L = O, so

argmin
Q

det
�
O>O

�
= argmin

Q

�
det
�
X>C>CX

�
det
�
Y>Q>�QY

��
= argmin

Q
det
�
Y>Q>�QY

�
(51)

where � [p1�p1 ] = C>
h
I[p1] �CX(CX)

+
i
C is independent of Q. The last

step uses the fact that det
�
X>C>CX

�
is positive and independent of Q. Now

observe thatY>Q>�QY is a 2�2 matrix, so we can use the result 21, obtaining

det
�
Y>Q>�QY

�
= vec

�
Y>Q>�QY

�>
� vec

�
Y>Q>�QY

�
(52)

where

� =

�
0 1
�1 0

�



�
0 1

2
�1

2 0

�
(53)



Using the result 14 with A = B = QY

vec
�
Y>Q>�QY

�
=
�
Y>Q> 
Y>Q>

�
vec(�) (54)

so, substituting this in equation 52 and keeping in mind that the determinant is
a scalar function, so det(A) = tr [det(A)], we get

det
�
Y>Q>�QY

�
= tr

�
det
�
Y>Q>�QY

��
= tr

h
vec(�)>(QY 
QY)�(QY 
QY)>vec(�)

i
(55)

Using the result 19 with A = vec(�)>(QY 
QY), B =� and C = A>, then

det
�
Y>Q>�QY

�
= vec

�
�>

�> �h
vec(�)>(QY 
QY)

i





h
vec(�)>(QY 
QY)

i�
vec
�
I[p2

1
]

�
(56)

Using property 23 with A = C = vec(�)> and B =D = QY 
QY

det
�
Y>Q>�QY

�
= vec

�
�>

�>
vec(�)[2]>(QY)[4]vec

�
I[p2

1
]

�
(57)

where A[k] = A 
 � � � 
 A stands for Kronecker power. Again using det(A) =

tr [det(A)] and property 18 withA = vec
�
�>

�>
,B = vec(�)[2]>, C = (QY)[4]

and D = vec
�
I[p2

1
]

�
we get

det
�
Y>Q>�QY

�
= vec

�
�>

�> �
vec
�
I[p2

1
]

�>

 vec(�)[2]>

�
vec
h
(QY)[4]

i
(58)

Using property 25 we know that

vec
h
(QY)[4]

i
= vec

h
Q[4]Y[4]

i
(59)

so applying property 14 with A = Q[4] and B = Y[4] we obtain

vec
h
(QY)[4]

i
=
�
Y[4]> 
 Ip1

�
vec
�
Q[4]

�
(60)

Using property 24 with A = Q and k = 4, we obtain

vec
h
(QY)[4]

i
=
�
Y[4]> 
 Ip1

�
�4

p1
vec(Q)[4] (61)

Finally we can use 61 in 58 to obtain

det
�
Y>Q>�QY

�
= !> q[4] (62)

which is a fourth-order polynomial only with the fourth-order terms where

!> = vec
�
�>

�> h
vec
�
I[p1 ]

�>

 vec(�)[2]>

i �
Y[4]> 
 I[p1 ]

�
�4

p1
(63)

ut
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